This paper presents a manufactured solution (MS), resembling a two-dimensional, steady, wallbounded, incompressible, turbulent flow for RANS codes verification. The specified flow field satisfies mass conservation, but requires additional source terms in the momentum equations. To also allow verification of the correct implementation of the turbulence models transport equations, the proposed MS exhibits most features of a true near-wall turbulent flow. The model is suited for testing six eddyviscosity turbulence models: the one-equation models of Spalart and Allmaras and Menter; the standard two-equation k -e model and the low-Reynolds version proposed by Chien; the TNT and BSL versions of the k-v model.
Introduction
The first Workshop on CFD Uncertainty Analysis, held in Lisbon in 2004, focused on two classical two-dimensional turbulent flow problems from the ERCOFTAC Classic database (Cases 18-A and 30), ERCOFTAC Classic Collection Database. The participants were asked to estimate the uncertainty of their solution through a gridrefinement study or any alternative approach. The objective was to see if this would result in overlapping uncertainty bars between predictions of selected integral and local flow quantities to verify the consistency of predictions across CFD codes and to assess the validity of error estimation techniques. Interesting conclusions were drawn from these comparisons. However, one of the main points raised during the final discussion was that the solution verification should have been preceded by a thorough code verification Hoekstra 2004, Eça et al. 2005) . Although well-known and fully documented, the flow problems considered for the first Workshop do not have exact analytical solutions. Thus, the true errors could not be computed for the quantities studied. Therefore it was recommended that the next workshop should include a problem for which an exact solution holds.
This conclusion follows several journal policy statements. Indeed, the process of determining the correctness of a code, known as code verification, can only be done by systematic grid convergence tests on a problem with a benchmark solution. The best standard of comparison is an exact analytical solution expressed in terms of simple mathematical functions such as sin, exp, tanh, etc. The benchmark solution should not only be exact, it should also exhibit a structure rich enough to ensure that all terms in the governing equations are exercised by the test (Pelletier and Roache 2002) .
The method of manufactured solution (MMS) (Oberkampf et al. 1995 , Roache 1998 , 2002 , Turgeon and Pelletier 2001 , 2002 , Knupp and Salari 2002 , Pelletier and Roache 2002 , 2006 ) provides a general procedure for working with such analytical solutions. The procedure is very simple. A continuum solution is constructed, which in general will not satisfy the governing equations. An appropriate source term can be determined to cancel any imbalance in the partial-differential equations (PDEs) caused by the choice of the continuum solution. The solution also defines the boundary conditions in all forms, be they Dirichlet, Neumann or Robin. The chosen solution need not have a physical meaning since Verification (of codes or of calculations) is a purely mathematical exercise. But choosing a physically realistic manufactured problem which has a closed form solution offers several advantages. First, it exercises each term involved in the PDEs in a manner similar to that of a real problem so that similar difficulties in the solution and error estimation processes will arise. Secondly, using a physically realistic manufactured solution leads to smaller source terms so that the PDEs do not tend towards a degenerate form controlled by the magnitude of the source terms. Finally, it makes the methodology more attractive for the engineering community.
Once the manufactured solution (MS) has been constructed and the source terms determined for the set of equations to be verified, code verification can take place on any grid in the domain covered by the MS. This paper presents a manufactured solution resembling a near-wall, two-dimensional, steady incompressible turbulent flow. The intention of this MS is to perform verification of both code and calculations (Roache 1998) . The MS prescribes the main flow variables (velocity components and pressure) and two turbulence quantities: the eddy-viscosity, n t , and the turbulence kinetic energy, k. In the most common eddy-viscosity models, all other turbulence quantities can be derived from n t and k.
Six eddy-viscosity turbulence models have been considered:
. The Spalart and Allmaras one-equation model (Spalart and Allmaras 1992) . . Menter's one-equation model (Menter 1997) . . The standard k-e two-equation model (Launder 1974) . . Chien's low-Reynolds k-e two-equation model (Chien 1982) . . The turbulent/non-turbulent (TNT) k-v two-equation model (Kok 1999) . . Menter's baseline (BSL) k -v two-equation model (Menter 1994) .
The following observations are made:
. It turns out that specifying n t for the one-equation models is not a good choice for the construction of the MS. In these models, the dependent variable of the models,ñ orñ t , is related to the eddy-viscosity n t by a damping function. This causes numerical difficulties as we will illustrate, because the second derivative of n t with respect toñ andñ t are very difficult to capture numerically due to large oscillations in the "near-wall" region. Conversely, if one specifies smooth functions forñ andñ t there are no special difficulties for the solution of the momentum equations, because only the first-derivative of the eddy-viscosity appears in the momentum equations. However, the major consequence is that the source functions added to the momentum equations become dependent on the turbulence model selected. While this is not detrimental for the MS, because we have no intention of comparing or "classifying" turbulence models, it is nevertheless not very elegant. . In the shear-stress transport (SST) k -v two-equation model proposed by Menter (1994) , it is not possible to obtain v from n t and k. Indeed, in this model the definition of the eddy-viscosity guarantees that the shear-stress in a boundary-layer does not exceed 0.31 k. This is accomplished by replacing v by the vorticity magnitude in the regions where the standard definition of n t would violate the limit on the shearstress level. Because of the realizability condition, in these regions n t becomes independent of v. For the SST k-v model, it is possible to specify k and v to construct a MS. However, the first derivatives of the eddy-viscosity will be discontinuous at the locations where the limiter is turned on and off. In the context of a MS, this will be troublesome because formally there are no derivatives of n t at these locations, which are required for the calculation of the source terms of the momentum equations. This is the only reason why we did not include the SST k -v model in the present MS.
The paper is organized as follows: Sections 2 and 3 present the proposed computational domain, flow conditions and main flow variables. Section 4 presents the source terms of the two momentum equations, generated by the MS, for a RANS code. The six turbulence models and their application in the MMS are described in Section 5. Final remarks are presented in Section 6.
Computational domain and Reynolds number
The computational domain is a square of side 0.5L with 0.5L # X # L and 0 # Y # 0.5L. The Reynolds number, Re, is defined by
where U 1 is the reference velocity, L the reference length and n the kinematic viscosity.
In non-dimensional variables, (x,y), the computational domain is given by 0.5 # x # 1 and 0 # y # 0.5 and the proposed Reynolds number is Re ¼ 10 6 , i.e.
All quantities presented below are non-dimensional using L and U 1 as the reference length and velocity scales and Re ¼ 10 6 .
Main flow variables
In the definition of the velocity components and pressure coefficient we will use the following "similarity variable":
The suggested value for s is s ¼ 4.
Velocity components
The velocity component in the x direction, u x , is given by
The velocity component in the y direction, u y , is given by
The profiles of u x and u y of the proposed solution at seven x stations are plotted in figure 1 .
The derivatives of u x with respect to x and y are:
. First derivatives:
. Second derivatives:
The derivatives of u y with respect to x and y are:
. 
The choice for u x and u y guarantees that
throughout the computation domain while
on the bottom boundary y ¼ 0.
Pressure
The pressure coefficient (defined with the double of the dynamic pressure) is given by
The derivatives of C p with respect to x and y are:
This choice of the pressure field leads to the following conditions at the boundaries (which are not necessarily Figure 1 . Profiles of the velocity components in the x direction, u x , and y direction, u y , at seven x stations. boundary conditions):
3.3 Eddy-viscosity, n t 3.3.1 Two-equation turbulence models. For the twoequation models, the eddy-viscosity is given by
and s n ¼ 2:5s. The proposed n max is 10 3 n. Close to the bottom wall, n t varies with y 4 as in a nearwall turbulent flow. The profiles of n t at seven x stations are plotted in figure 2 and exhibit most of the characteristics of a real boundary-layer.
The first derivatives of n t with respect to x and y are given by:
3.3.2 One-equation turbulence models. We have considered two one-equation models that solve a transport equation for a dependent variable related to the eddy-viscosity by a damping function. In the Spalart and Allmaras (1992) , n t is given by
with
ð16Þ and x ¼ñ n ; c v1 ¼ 7:1: ð17Þ
For the Menter (1997) model, the eddy-viscosity is obtained from
where
and
If one specifies the eddy-viscosity and determinesñ and n t from the definition equations (15) and (18), the first and second derivatives ofñ andñ t with respect to x and y will have to be determined by the implicit function theorem. For example, for the dependent variable of the Spalart and Allmaras model,ñ, we have:
Obviously, similar equations are obtained forñ t . The damping functions, f v1 and D 2 , and the first and second derivatives of n t with respect toñ andñ t are illustrated in figure 3 . The second derivatives of n t have been multiplied by n to fit in the plots of figure 3. The second derivatives of n t with respect toñ andñ t exhibit a very high peak value nearñ ¼ñ t . 4n (the plotted value has to be divided by n). Therefore, the second derivatives ofñ andñ t included in the diffusion terms of the turbulence quantities transport equations will be very difficult to capture numerically.
On the other hand, if one specifiesñ andñ t from equation (12), the first and second derivatives ofñ andñ t with respect to x and y are perfectly smooth. Since the momentum equations involve only the first derivatives of n t with respect to x and y, the manufactured solution for the eddy-viscosity will still be smooth because the Figure 2 . Profiles of the eddy-viscosity, n t , for the two-equation models at seven x stations. s n ¼ 10 and n max ¼ 10 3 n.
first-derivative of n with respect toñ andñ t does not exhibit any special difficulties. Figure 4 presents the manufactured eddy-viscosity fields for both one-equation models using equation (12) to defineñ andñ t and equations (15) and (18) to obtain n t .
The first-derivatives of the eddy-viscosity required for the calculation of the manufactured source terms of the x and y momentum equations are given by:
. Spalart and Allmaras one-equation turbulence model.
. Menter one-equation turbulence model.
The first derivatives ofñ andñ t with respect to x and y were already given earlier by equations (14).
Turbulence kinetic energy, k
The square root of the turbulence kinetic energy, k, is the turbulence velocity scale of most of the two-equation eddy-viscosity turbulence models. The field of k for the MS is generated using the following equation:
Close to the bottom of the domain (y ¼ 0), i.e. in the "near-wall" region, k varies with y 2 and the maximum of k occurs closer to the bottom than the maximum of n t . The proposed value of k max is 0.01. Alternatively, one could define k from the Bradshaw's hypothesis for equilibrium turbulence, written for an eddy-viscosity approximation.
However, with such an approach the turbulence quantities behaviour at the bottom region can not be equivalent to the one observed in near-wall turbulent flows. The profiles of k (from equation (24)) at seven x stations are plotted in figure 5. The derivatives of k with respect to x and y are . First derivatives:
Source terms of the momentum equations
The expressions chosen for the velocity components imply that the continuity equation is satisfied identically. However, balancing source terms must be added to the momentum equations. The source terms are computed in the following way:
T p stands for the pressure term, T c for the contribution of convection and T d for diffusion.
For the present MS, the diffusion terms depend on the turbulence model selected. The following sections present the manufactured source functions and the convective, pressure and diffusion terms of the x and y momentum equations. Table 1 presents the maximum and minimum values of the convective and pressure terms of the x and y momentum equations, which are common to all turbulence models. These values serve as reference to measure the relative importance of source terms when compared to convective and pressure terms in the RANS equations. Table 2 presents the maximum and minimum values of the diffusion terms and of the manufactured source functions of the x and y momentum equations.
Two-equation turbulence models
As can be seen the source term is of the order of magnitude of the other terms in the RANS equations. This indicates that our manufactured solution does not lead to a degenerate form of the PDES. This observation is true for all the turbulence models in this paper as will be seen from source term data in various tables.
One-equation turbulence models
The maximum and minimum values of the diffusion terms and of the manufactured source functions of the x and y 
þ c b2 ð7ñ·7ñÞ 2 c w1 f wñ d
The eddy-viscosity is obtained from
The model constants are:
The MS is obtained specifyingñ from equation (12). The first derivatives ofñ with respect to x and y are given by equations (14). The transport equation ofñ includes also the second derivatives ofñ with respect to x and y, which are given by
where h n is defined by equation (13). Figure 6 presents the profiles ofñ (which are equal to the isolines of the manufactured n t for the two-equation models) for the Spalart and Allmaras model and the damping function f v1 of the proposed solution at seven x locations. The damping function is active close to the bottom as in practical near-wall turbulent flows. However, the region with f v1 , 1 is much thicker than in the typical viscous sub-layer of a real turbulent boundary-layer.
The source function to be added to the right-hand side of the transport equation ofñ, equation (29), is given by:
The maximum and minimum values of T cs , T ds , T ps , T dis and f spal are given in table 5. As for the x and y momentum 
The eddy-viscosity is given by
As for the Spalart and Allmaras turbulence model,ñ t is defined by equation (12) and the first derivatives ofñ t with respect to x and y are given by equations (14). The second derivatives ofñ t with respect to x and y are equal to those ofñ, which have been presented in equations (32). Figure 7 presents the profiles ofñ t (again equal to the eddy-viscosity profiles of the two-equation models) and D 2 of the proposed solution. As expected, the damping function field is very similar to that of the Spalart and Allmaras turbulence model.
The source function added to the right-hand side of the transport equation ofñ t , equation (35), is given by:
where 
The calculation of the derivatives of S requires the cross-derivatives of the velocity components, which are given by: 
The maximum and minimum values of the T cm , T dm , T pm , T dim and f mnt are given in table 6. As expected, the values are very similar to those presented above for the Spalart and Allmaras model.
Two-equation models
5.2.1 k -e. The standard two-equation k -e model proposed in Launder (1974) is supposed to be valid only in fully-turbulent regions. The damping functions of the two one-equation models suggest that the present manufactured solution is not fully-turbulent close to the bottom. Nevertheless, the application of the MMS being a purely mathematical exercise, the present MS can be used for the k -e model as well. However, its usefulness for calculation verification becomes questionable. The eddy-viscosity is obtained from
The k and e transport equations are:
The model constants are
The dissipation rate e follows from the manufactured n t and k:
Figure 8 presents the profiles of e at seven x stations. At the bottom boundary, e is equal to 0:36k 2 max =n max . The first and second derivatives of e with respect to x and y are given by: 
To satisfy the manufactured solution, source terms are added to the k and e transport equations: Table 7 presents the maximum and minimum values of the four terms of the k and e transport equations and of the source terms, f kst and f e st .
At the bottom of the computational domain, (y ¼ 0), the source term of the e transport equation tends to infinity, due to the behaviour of the dissipation term, T die st . This behaviour would also be found in an application of the standard k-e model to the near-wall region of a turbulent flow. In the present context of a manufactured solution, this will lead to a transport equation for e driven by the forcing source term in the "near-wall" region.
5.2.2
Chien's k -e. In the low Reynolds k-e model proposed by Chien (1982) , the eddy-viscosity is obtained from
The k andẽ transport equations of this model are:
and The damping functions are given by:
The variableẽ is based on the manufactured n t and k and can be easily obtained using equation (44) that defines e for the standard k-e model.
The damping function f m refers to y þ , which, for the present manufactured solution, is given by
Figure 9 presents the profiles ofẽ and of the damping function f m at seven x stations.
There is a clear difference between the fields ofẽ and e close to the bottom, where the damping function, f m , of the low-Reynolds version is active.
The first and second derivatives ofẽ with respect to x and y can be computed from:
The calculation of the derivatives ofẽ requires the first and second order derivatives of the damping function f m with respect to x and y.
The source terms of the k andẽ transport equations, required to satisfy the manufactured solution, are given by: Table 8 presents the maximum and minimum values of the different terms of the k andẽ transport equations and of the source terms, f kch and fẽ st .
In this low-Reynolds version of the k-e turbulence model, there is no singular behaviour of theẽ transport equation at the bottom of the computational domain. Kok (1999) . The eddy-viscosity is obtained from
TNT
and the k and v transport equations are:
v is based on the manufactured n t and k
The behaviour of v in the "near-wall" region is identical to that observed in a real turbulent flow in so far that it varies with y
22
. Thus the manufactured solution of v raises a problem which also exists in near-wall turbulent flows: v goes to infinity at the bottom of the computational domain. Figure 10 presents the v profiles at seven x stations.
The first and second derivatives of v with respect to x and y are given by:
. First derivatives: 
The source terms needed to guarantee that the manufactured solution satisfies the k and v transport equations are: Table 9 presents the maximum and minimum values of the different terms of the k and v transport equations and of the source terms, f kvt and f vt .
With the "near-wall" behaviour of the k -v model, all the terms of the v transport equation tend to infinity at y ¼ 0, excepting the production term, which remains finite. Menter (1994) . This version of the k-v model is similar to the TNT version presented above. The calculation of the eddy-viscosity and the k and v transport equations are identical to the ones of the TNT version (equations (66), (67) and (68)), but the constants of the model are obtained in a different way:
BSL
The blending function F 1 is given by 
The proposed expression for v is identical to that of the TNT model, equation (69), so its profiles are depicted in figure 10 .
The required source terms for the k and v transport equations raise a difficult problem. In the BSL k -v model, s is a function of the blending function F 1 . Therefore, the additional source terms in the transport equations for k and v would also require the derivatives of F 1 with respect to x and y. As illustrated in figure 11 , the derivative of F 1 is not continuous, i.e. the profiles of F 1 present a knee or kink near its peak. Therefore, there are locations where the derivatives of F 1 with respect to x and y are not defined. This is exactly the reason why we did not include the SST model. Here, we suggest that for code verification purposes one should take s k ¼ s k1 and s v ¼ s v1 . With such approach, the source terms of the k and v transport equations revert to those of the TNT model, equations (72), (73) and (74), which are well behaved. In that case, the values given in table 9 are also representative of the source terms obtained for the BSL version of the k -v turbulence model.
Final Remarks
We have presented a manufactured solution for code Verification. The flow reminds a near-wall, two-dimensional, steady incompressible turbulent boundary-layer. The proposed solution specifies analytical expressions for the main flow variables: velocity components, pressure and all turbulence quantities. The MS is valid for six eddyviscosity turbulence models: the one-equations models of Menter and Spalart and Allmaras; the standard twoequation k -e model and the Low-Reynolds version proposed by Chien; the TNT and BSL versions of the k -v models. Although the proposed solution does not exactly reproduce the near-wall behaviour of a turbulent flow, the near-bottom behaviour of all the specified quantities is similar to what is observed in near-wall turbulent flows.
In the one-equation models, the dependent variable is specified and the eddy-viscosity is obtained as a consequence of the model equations. On the other hand, for the two-equation models we specify the eddy-viscosity and the turbulence kinetic energy. The second dependent variable of the two-equation models is derived from the model definition of the eddy-viscosity. Therefore, it is not difficult to extend the present solution to other twoequation models.
The proposed manufactured solution is an excellent tool for code verification, because besides the calculation of the complete flow field, it allows different exercises for a given flow solver. One can solve for the flow field with the manufactured eddy-viscosity field held fixed or vice-versa, i.e. solve the turbulence quantities transport equations with the velocity field fixed by the manufactured solution. It is even possible to go a step further and freeze any number of individual terms of the transport equations by replacing them by their MS expressions. Thus, it is possible to find the origin of any problem and identify the source of difficulties with the numerical convergence of the flow solution.
Since the manufactured solution is defined on a square domain, code verification will likely be done first on a rectangular grid. But of course the exercises can be repeated on a non-orthogonal grid to check also those parts of the code which will only be activated on such grids.
